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Anomalous diffusion of fluids in a restricted geometry
which forbids passing of one fluid particle by another
has been studied for many years. The detailed depend-
ence of the mobility factor of the single-file diffusion on
relevant parameters beyond the strictly one-dimensional
limit is not well understood. In this paper, we study the
mobility factor of single-file diffusion fluids interacting
with a hard potential in two-dimensional pores. We
present a rationale for a theory of the dynamic mobility
in terms of the equilibrium equation of state, and make
preliminary comparison with Monte Carlo simulations
of hard discs in a channel.

Keywords: Anomalous diffusion; Single-file diffusion; Equilibrium
equation; Monte Carlo simulations

PACS: 05.60. + w; 47.55.Mh

INTRODUCTION

A defining characteristic of present-day many-
particle physics lies in our ability to probe smaller
and smaller spatial and temporal domains [1-14]. At
the spatial side, the matter we thereby deal with has
a very large surface to volume ratio, rendering
unsuitable many traditional thermodynamics treat-
ments. We will focus here on the fashion in which we
can deal at a theoretical level with a particular
prototypical system of this kind, that of a (classical)
fluid confined to an infinitely long pore, an
idealization of situations that occur in practice-
channels in zeolites, pores in biological membranes,

. as well as in carefully tuned experiments. We
restrict our attention to self-diffusion as the simplest
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signature of the novel transport associated with such
tightly confined systems.

To phrase precise questions, one must make
explicit the dynamical regime that is the object of
study. Here, we will choose that of massive particles
in a Brownian medium, a caricature of a range of
mixed fluid dynamics [15-17]. In this caricature, the
bathing-medium serves only to supply the distri-
bution of ideally instantaneous jumps that constitute
the dynamics of the massive particles. These jumps
are certainly modified by prohibitions resulting from
substrate walls and other particles, but whatever we
say about them, the net effect is that the dynamics of
a given particle will be stochastic, parameterized by
the probability per unit time of a spatial jump from r’
tor,

Pr(rlr',dt) = f(r,r")dt. (1.1)

In the absence of external constraints, a single
particle in the Brownian medium would then have a
probability density satisfying the Master equation,

aP(T’, t) — Jf(nrl)p(r/’ t) d}’/
ot
- Jf (r,r)dr'p(r, ). (1.2)

At long time, the length scale for the variation of
p(r,t) will become very large, allowing us to expand:

p(r',t) = p(r,t) + (r' — 1)-Vp(r, t)

—1—%(1” — ' =1 :VVp(r, bt + ...,
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reducing Eq. (1.2) to the driven inhomogeneous
diffusion equation

%ZJ(T'—r)f(r,r')dr/'VP(rvt)

+%J(V’ =) =nfr,Hdr:VVp(r,H)+... (1.3)

For a uniform isotropic medium in a space of
dimensionality d, f(r,r") = f(Ir — r'|), and Eq. (1.3) is
further reduced to,

op(r, 1)
at

where D = (1/2d) [s?f(s)ds.

Equation (1.4) is organized by the diffusion
constant D, and can be solved at once for the time
development of a density originally concentrated at
1o & if p(r,0) = 8(r — r,), then,

= DV?p(r, ), (1.4)

—d
p(r,t) = (4mDty2 ¢ —7o)"/4D, (1.5)

An operational definition of the diffusion constant
is then that as t — oo,

(r—rol?y = Jp(r, Hr(0) = ro)lr — rol*dr

= 24Dt (1.6)

or
1
D = limy o 5 (r(t) — rO)). 1.7)

The clean expressions (1.5)—(1.7) are not just
modified when the particles are interacting in a
quasi-one dimensional enclosure, but will be
changed qualitatively as well. It is the nature of
these changes that we will attend to by a largely
heuristic theoretical analysis, assessed—and in fact
motivated—by computer simulations.

ANOMALOUS DIFFUSION: ONE-
DIMENSIONAL LIMIT

An extreme version of Brownian dynamics fluid
transport in a narrow pore is that of hard cores of
diameter a in a hard cylindrical enclosure of radius R,
with R = a/2. In this case, no transverse motion can
take place, and we have strictly longitudinal one-
dimensional motion, say x(t). The motion of a particle,
in effect a rod of diameter 4, is then constrained not
only by diffusion, but also by its not being able to pass
itsneighbors, and Eq. (1.6) nolonger holds. Instead, as
Levitt [15] showed in 1973 in the case of infinitesimal
jumps, one has at long times {|x — x,|*) ~ t/2,
referred to as subdiffusion or anomalous diffusion.

Percus [17] solved the general finite jump case in 1974,
and gave an explicit expression for the coefficient of
t1/2. A number of lattice gas models, including the
possibility of infrequent particle—particle passing,
were investigated in succeeding years [18-23], and
the finite jump case was revisited by Hahn and Kérger
[24] in 1995. Model numerical simulations appeared
frequently, and scaled-up experiments have recently
been carried out as well.

We will be examining the strictly non-passing or
single-file regime, that in which R < g, by analytical
and numerical methods, as preparation for an
ongoing investigation of the dramatic changes as
one goes past the R = a restriction.

Although this situation has been considered
previously, we will introduce a new approach
based on an assertion that the mobility is controlled
by a length scale which can be approximated by the
equation of state. But let us start by reviewing in
cursory fashion the even more restricted one-
dimensional case that forms the conceptual basis of
the non-passing single-file phenomenology. Exact
solutions have relied upon the observation—absol-
utely valid when the motions are inertial with elastic
collisions—that if one is following a given particle,
then when it “collides” with another, each particle
thereafter continues the motion of the other, but
displaced by a distance *a. In other words, if the
distance a is shrunk to zero, equivalent to replacing
the specific volume [ by [ — a, or the density n by
n/1 —na, the distinguished particle would not
know the difference: we can simply take 2 = 0, but
n—mn/1 —na. The key point is then that if a =0,
point particles, the set of particle positions obtained
dynamically is indistinguishable from that of a set of
non-interacting particles—they just exchange labels
on meeting.

Let us make a brief strictly heuristic analysis of the
primitive case of hard point particles of mean linear
density n on an infinite line. A labeled particle
initially at the origin can have a large excursion, say
Ax(t) to the right, only when its right neighbor does
likewise, and its right neighbor, etc. but of course
with displacements predominantly of decreasing
amplitude. Meanwhile, particles to the left fill in the
gap created, in complementary fashion, some
remaining on the left. Thus we can imagine that a
cluster of, say, M(t) particles is “significantly”
displaced, and Ax(t) can be associated with the
center of mass Ax., of the cluster. In this cartoon (see
Fig. 1), self-diffusion of the labeled particle is
mimicked by the cooperative diffusion of the
surrounding cluster, a relationship familiar in the
context of the self-diffusion of a polymer in a dense
polymer solution (see e.g. [25]). We now estimate the
relation between the weakly fluctuating M(t) and the
ensemble average ((Axem(D)?) in two different ways,
sufficient to determine both.
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FIGURE 1 A cartoon that is used in the heuristic analysis of
single-file diffusion. The filled circle represents a labeled particle
initially at the origin that has a large excursion of Ax to the right.
This involves a cluster of M particles that has been displaced and
Ax., denotes the center of mass of the cluster. M_ and M,
represent, respectively, the number of particles in the cluster to the
left and right of the origin.

First, since exchange of particle labels does not
affect the set of particle locations in the cluster, we
can regard the particles that happen to be in the
cluster as having independently diffused, and
conclude that

(Axem)?y = A%«Ax)% 2.1)

where subscript “0” refers to free particle Brownian
motion (or any other, for that matter) and all quantities
depend upon the time of observation. Next, since the
mean particle density of a large cluster fluctuates
weakly about the global mean 7, the physical size
of the cluster is M/n, and M+ = 1/2(M * nAxcm)
represent, respectively, the number of * particle
displacements from the origin. In other words,

M
NAXem =My — M- = sgn(x),  (22)

=1

where the [x;] are the labeled particles in the cluster.
But again the [x;] can be regarded as unlabeled and
independent. Replacing the cluster by the average
cluster, which is symmetric about the origin, then
(sgn(x;)) = 0, of course sgn(x]-)2 =1, and so Eq. (2.2)
implies that

n*(Axem)?) = M. 23)
We can then combine Egs. (2.1) and (2.3), identify
Ax.m with Ax, and conclude that
1 1/2
(Axem)®) = - [(Ax),] (2.4a)

M= n[(@an?),]".

(2.4b)
Equation (2.4a) is qualitatively the same as, and
quantitatively quite close to, the exact result

((Ax)?) = K|Ax),, (2.5a)

I =1/n, for typical underlying independent particle
distributions of Ax, e.g. true diffusion, inertial
motion.... The difference between Egs. (2.4a) and
(2.5a,b) appears to be due primarily to the mean field

character of the argument: the cluster is in fact
symmetric about the origin only as an ensemble
average, but not at all for typical realizations. It is not
trivial to modify the above argument to account for
this aspect.

If the particles have diameter a, and if
the dynamics of a “collision” produce a pair of
trajectories indistinguishable from that of independ-
ent particles except for an offset of *4, then as we
have noted above, the only change is that the “free
volume” per particleis [ —a:

(A = (I — a){|Ax]),. (2.5b)

In the one-dimensional case, the asymptotic
Eq. (1.3), and consequent Egs. (1.4) and (1.5), remain
valid, and the move distribution dependence is
trivial; the situation in 2 or 3 dimensions is notably
non-trivial.

SINGLE-FILE DIFFUSION

Proceeding to the effect of particle—particle inter-
action, actually exclusion in our case, the situation
complicates substantially. But the heuristic argument
in the “Anomalous diffusion: one-dimensional limit”
section offers an effective leading approximation:
what we have learned is that we can focus on the
slow motion of a suitable particle cluster. Let us
reduce our consideration to the longitudinal com-
ponent of the motion. It is certainly not true that the
x-component trajectories of a colliding pair remain
the same to within a spatial offset, but of course this
does hold on the average. What we need then is the
relevant effective or mean longitudinal center-to-
center distance on collision. Although this “mean” is
an amorphous concept, we can (within the accuracy
that we are dealing with) replace it by any other
mean, preferably one in which the proper particle—
particle correlations are included. Since the cluster in
question can be regarded as in temporary thermal
equilibrium under the pressure supplied by the rest
of the system, a reasonable choice for this purpose
would be obtained from the isobaric equation of state
I(Bp). For one-dimensional cores, this would take the
form [=a+41/Bp, and so we can define quite
generally an effective mean separation

1
Bp)”

Correspondingly, Eq. (2.5a,b) would now give rise
to the general estimate

a(l) =1 — (3.1)

(IxDe
Bp()

The computation of Bp(l) for particles with a one-
dimensional ordering and strictly next neighbor

(Ax)?) = (3.2)
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interaction is a very solvable analytical problem,
although simple closed forms need not exist.
Numerically exact estimates for the equation of state
can be easily obtained from computer simulations.

Quite generally, the thermodynamics of such a
fluid is most easily computed in an isobaric ensemble
[26] and is given by

Bu(p) = —In Amax(@W(Bp)p) (3.3)

where  p(r) =e PO, @(z,z!, Bp) = [e FOT
e Per=r) d(x — x') coupled of course with

I=9Bu/aBp. (3.4)

Here p is the one-dimensional pressure, the total

force on a cross-section, ¢ is the pair interaction

potential, Apax refers to the maximum eigenvalue of

the argument, which is an integral operator
(continuous matrix).

In particular, for discs of diameter a in a channel of

half-width R, we need the maximum eigenvalue
Amax of

1 a 2 /2l
/ e — R — 76;7(“ —(z—z') )2
M(z,z") BP@)(R 7 Izl)e
0@* - (z—2"%0 (R - g - |z/|). (3.5)

Since the dynamics may be very slow in the higher
density regime, one would initially focus on the low
density limit. In the low-pressure limit, a routine
expansion results in

1_ _ 2
~=BP = y(BPY...

where
2R\ 1 ~ 010 2R2 4 42
_ 21 2 4P2\1/2
= - = 4R -
y=a“sin <a>+3(a ) R
3.6)
_%a3.
R’

P=p/ 2R is the usual two-dimensional pressure, and
v =2RIl. Hence BP=1/v — yor

1
= 3.7
=k ©7
where for small R,
A2 P A6
y R 2R R (3.8)

R 4T3 15a° 7a5

Comparison with simulations indicates that this is
rather accurate.

RATIONALE FOR THE EQUATION OF STATE
APPROXIMATION

The estimate Eq. (3.2) serves as a low order
approximation to the asymptotic dynamics. In order

to set the stage for a deeper analysis, it is important
to present Eq. (3.2) in a stepwise fashion that is
susceptible to sequential improvement. Let us
consider the case of infinitesimal jumps, i.e. of
traditional diffusion. For a d-dimensional system, the
N particles effectively constitute an Nd-dimensional
particle, r", diffusing subject to boundary restric-
tions, which we represent by the weight function
I1,0,rN), where ©,=0 in the ath disallowed
region and otherwise ®,=1. Thus, taking the
infinitesimal jump limit, as we did in going from
Egs. (1.1) to (1.4), the N-body probability density

now satisfies
J
P00 = DILOu (™) Vippa™, ) &1)

p(N, 5 = O,M)p(xN, 1),

for all «, and the Neumann boundary condition,
derivable from Eq. (4.1), takes the form

Vap®o (™) - Vapp™, +) = 0, (4.2)

for all a.

We will want to study the projection, say x,, of the
specified particle with index “0” on the longitudinal
x-axis. Hence, we rewrite Eq. (4.1) as

d
57 0 —Xo)p = DVna - (8(x = x0)I10Vnap)

— Dé(x — x0)(VapII®,) - Vapp)

+p2 <6(x - xo)H('Daa—p) 4.3)
0x X,

o

and integrate over all space, obtaining

%J 8(x — xo)peN, £y drV

=D iJ 8(x — x,)I10 () o p(eN HdrN.  (4.4)
X 0Xo

Finally, integrate Eq. (4.4) by parts, yielding
(s = “selt”)

° (x 1&)—Di (x t)—DiF(x £) (4.5)
atps ) - axzps 9 ox s by .

where p(x, ) = [ 8(x — x,)p(x™,t)dr" and

F(x, ) = J S(x — xo)z ai 0,aM)pN, H)drV.

In the situation of interest, the ®, consist of one-
particle and two-particle boundaries, so that F
likewise is expressible in terms of one and two-
particle terms. This is the beginning of a hierarchy in
the mold of the BBGKY equations in which one
would successively find the motion of n-body
densities in terms of n and n + 1-body densities,
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and the problem is always that of discovering a
reasonable closure to terminate the sequence.
To apply this strategy here, we first make explicit
the 2-body character of F(x, ). In the present case, we
have the boundaries

0;r™) = OR — [r;)
(4.6)
0;™) = O(r; — x| —a?),
so that in terms of (d = “different”)

pua(r, 1,5 =Y (8(r — 1o (D)8 —xi(1).  (47)

70
Equation (4.5) says that

F(x7t)=Jpsd(xarlnx/arlvt)
0 N2 /12 2 /
a@)((x—x) +lry —r' |7 =a®)dr, dr’,
= J e e L S D RRNA)

2
— psaCx, 7, x+@* —|r. —r' | )1/2,r’l,t)}

xdr, dr’), 4.8)

where subscript L indicates transverse component.

Equations (4.5) and (4.8) are still exact, but require
a relation between pyq and ps to be useful, and this
depends very much on the qualitative characteristics
of the system. Here, to start with, if the particles are
ordered at time ¢ = 0, this ordering is maintained for
all time. This means that, assuming small enough R

that only next neighbors can touch (the implicit
assumption in Eq. (3.3) as well), the condition
(x—x)2+Ir, — r’LI2 = a? in Eq. (4.8) restricts pyq to
next neighbor, now designated by ppn.

An approximation now enters. We replace
Eq. (4.8) by

F(x,t) = pun(x,x — (@% = Iry — 7' )Y, b
— pan(,x + (@ = lry — Y2, p, 49)

in obvious notation. Since Eq. (4.9) is precisely what
we would obtain in the strictly one-dimensional case
with a replaced by

a={@a>—lr. —r' PH?,, (4.10)

then for any closure relating p,, to ps that is modeled
on the strictly one-dimensional case, we will have the
asymptotic result
A2y
———=1—a. 411
18, @i
In the approximation Eq. (4.11), only the effective
diameter @ remains to be determined. But according
to Eq. (3.5), generalized to dimension d > 2, we have
<(a2 - |ri - rllz)l/zh_ = - (a/aBP BpAmax)/(BpAmax)
=—-1/Bp — 3/3BpIn Apmax = —1/Bp + 1. We conclude
that under the above assumptions, one will recover
Egs. (3.1) and (3.2) as
() 1 _
~——=1—a(). 412
NI TR 12
where p is the equilibrium thermodynamic
“pressure” of the system and an effective length a(/)

1.2 T LI LIS I LI} LI I T LI I LI I LI | LI
- x = DYNAMIC .
[ +=STATIC .
1k | = 1.3638988 -
= -\Z\YVY AV ' |

1.0
©  F X -
I X ]
0el —
0-8 [ L L 1 L I L L L 1 I L L L L I L L 1 L I 1 L 1 L I 1 L L L i
0.5 0.6 07 0.8 0.9 1.0 1.1
R

FIGURE 2 We compare the Monte Carlo result for the dynamic length of the mobility factor denoted by (x) with the static length from
equilibrium equation of state denoted by (+). One thousand hard discs are used in a channel of width 2R with standard Monte Carlo
simulation [27]. Each attempted move can be in either transverse or longitudinal direction with equal probability and a uniformly
distributed step size between (— 0.1, 0.1). The unit of length is fixed by setting the diameter of the disc to be one. The longitudinal density is
1.3639. These are preliminary results and the estimated statistical error is about the size of the symbols.
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from the thermodynamic equation of state has been
inserted into Eq. (3.1). In Fig. 2, we compare
the effective length from dynamic simulations with
that from the simulated equilibrium equation of state.
The general trends of the two appear to be similar, but
they are quantitatively different. This is very
interesting, probably due to the details of the
elementary dynamical moves, and forms the basis
of ongoing research.
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